In the paper, the authors establish several closed expressions for the Euler numbers in the form of a determinant or double sums and in terms of, for example, the Stirling numbers of the second kind. Primary 11B68 ; secondary 11B73; 33B10
Introduction and main results

It is well known ([
In number theory, the numbers
are called in [] , p., for example, the secant numbers or the zig numbers. These numbers also occur in combinatorics, specifically when counting the number of alternating permutations of a set with an even number of elements.
The first few secant numbers S k for k = , , ,  are , , , ,. The first few Euler numbers E k for  ≤ k ≤  are
It is a classical topic to find closed expressions for the Euler numbers E k and the tangent number S k . These numbers are closely connected with many other numbers and functions, such as the Bernoulli numbers, the Genocchi numbers, the tangent numbers, the Euler polynomials, the Stirling numbers of two kinds, and the Riemann zeta function, in number theory and combinatorics. There has been a plenty of literature such as [, , -] and closely related references therein.
In mathematics, a closed expression is a mathematical expression that can be evaluated in a finite number of operations. It may contain constants, variables, four arithmetic operations, and elementary functions, but usually no limit.
In this paper, we establish several closed expressions for the Euler numbers E k in the form of a determinant of order k or double sums and in terms of, for example, the Stirling numbers of the second kind S(n, k) which may be generated ([], p.) by
and may be interpreted combinatorially as the number of ways of partitioning a set of n elements into k nonempty subsets.
Our main results may be formulated as the following theorems.
where |c ij | k×k is the determinant of a matrix [c ij ] k×k of elements c ij and order k.
and
Lemmas
In order to prove our main results, we need the following lemmas.
Then the nth derivative of the ratio
may be computed by
Proof This is a reformulation of [], p., Exercise .
The Bell polynomials of the second kind B n,k , or say, the partial Bell polynomials B n,k , may be defined ([], p., Theorem A) by 
where a and b are any complex numbers.
Lemma . ([]
, Theorem .) For n ≥ k ≥ , the Bell polynomials of the second kind B n,k satisfy
Lemma . ([], Theorem . and [], Theorem .) For n ≥ k ≥ , the Bell polynomials of the second kind B n,k satisfy
, Theorem .) For n ≥ k ≥ , the Bell polynomials of the second kind B n,k satisfy
Proofs of main results
We now start out to prove our main results.
Proof of Theorem . Applying Lemma . to u(z) =  and v(z)
where
is the Kronecker delta. Consequently, by taking the limit z → , we find
and, by (.) and (.),
The proof of Theorem . is complete.
Proof of Theorem . By (.) applied to f (u) =  u and u = g(z) = cos z and by Lemma ., we have
Consequently, by interchanging the first two sums, we get 
(e z + ) .
Consequently, we obtain
Further taking the limit z →  yields 
